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In this paper, we present an improved method for obtaining unbiased estimates of the free energy
difference between two thermodynamic states using the work distribution measured in nonequilib-
rium driven experiments connecting these states. The method is based on the assumption that any
observed work distribution is given by a mixture of Gaussian distributions, whose normal components
are identical in either direction of the nonequilibrium process, with weights regulated by the Crooks
theorem. Using the prototypical example for the driven unfolding/folding of deca-alanine, we show
that the predicted behavior of the forward and reverse work distributions, assuming a combination of
only two Gaussian components with Crooks derived weights, explains surprisingly well the striking
asymmetry in the observed distributions at fast pulling speeds. The proposed methodology opens the
way for a perfectly parallel implementation of Jarzynski-based free energy calculations in complex
systems. C 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4918558]

I. INTRODUCTION

The Jarzynski1 and the Crooks2 theorems relate the free
energy difference, ∆G = GB − GA, between two thermody-
namic states A and B to the external work done on the
system in an ensemble of driven nonequilibrium (NE) paths
connecting A to B all done with a common time schedule.
In these NE experiments, an external potential, acting on
some collective variable λ, drives the system from initial
(equilibrium) configurations of the state A, canonically
sampled at λ = λA, to a final state B with λ = λB producing
a work W . The Jarzynski theorem then reads

e−β∆G = ⟨e−βW⟩ =


e−βWPAB(W )dW, (1)

where the mean ⟨e−βW⟩ is taken over these NE realizations
and PAB(W ) is the associated work distribution function for
the A → B nonequilibrium process. Equation (1) is valid for
virtually any quantum or classical system no matter how fast
the transformation from A to B is carried on. For infinitely slow
(quasi-static) realizations, the work W is always equal to ∆G,
while for instantaneous processes, one recovers the Zwanzig
free energy perturbation formula3 e−β∆G = ⟨e−β(HB−HA)⟩A.

In the last decade, with the advent of massively parallel
high performance computing (HPC), the Jarzynski relation
has had a significant impact4–11 in the free energy calculations
on large scale biological system and in condensed phases in
general. This is due to the fact that the parallel computation
of the average Eq. (1) is not subject to the Amdahl law12 in
the sense that, once the starting equilibrium states of A have
been prepared, all NE trajectories may proceed independently
and concurrently with zero fraction of serial code and with
no need for communication whatsoever. The free energy may
then be recovered with a simple and basically instantaneous

post-processing operation of the work data acquired after the
parallel computation had finished. The bad news is that the
Jarzynski formula, Eq. (1), is based on an exponential average
over a distribution, i.e., a statistics that is both inherently
noisy and biased, even if the spread of the work data is only
moderately larger than kBT . The weight factor e−βW in Eq. (1)
makes the average crucially dependent on the behavior at the
left tail of the distribution, which, by definition, is not well
sampled, resulting in both high variance and bias. Previous
studies have explored and demonstrated the poor behavior
of exponential averaging for small sample sizes.11,13–18 In all
these studies it was consistently shown that the statistical bias
is more acute when the process is conducted at high pulling
speed, i.e., when the spread of the distribution (related to
the mean dissipation) increases. In other words, the parallel
computation of the Jarzynski exponential average poses an
inescapable conflict between accuracy and computational
speed and/or computational CPU resources.17

One possibility to partially cure this pathology is that of
performing a small amount of longer less dissipative trajec-
tories, hence diverting part of the parallel resources in speeding
up these slow trajectories (double layer parallelism). This is the
approach commonly used in the potential of mean force based
(PMF) calculation of drug-receptor system4–9 where the drug
is mechanically driven along a selected collective coordinate
λ from the binding pocket to the bulk solvent in a time in
the order of nanoseconds. The bias in this case is mitigated
but is by no means suppressed. Besides, parallelization is less
efficient since, while trajectories do not communicate in the
Jarzynski parallel layer, communication/synchronization must
occur in the force decomposition layer within one single long
trajectory.

An alternative way to alleviate the problem of the expo-
nential bias is that of using the bidirectional approach with
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application of the Crooks theorem2 to the distribution of the
forward process (equilibrium of A to B), PAB(W ), and to the
mirror distribution of the reverse process (equilibrium of B to
A), PBA(−W ), i.e.,

PAB(W )
PBA(−W ) = eβ(W−∆G). (2)

In Eq. (2), the reverse process is assumed to be done with
inverted time schedule. The free energy ∆G = GB − GA lies
at the crossing point of the forward and reverse distributions
and such point may be determined using the standard Ben-
nett Acceptance Ratio (BAR).19 Several studies16,20,21 have
demonstrated the accuracy of the BAR estimate of the free
energy with the forward and reverse process being carried
on at a much faster rate than that used in unidirectional ap-
proaches. Bidirectional experiments thus restore perfect
parallelism, but they are cumbersome since they imply the
preparation of two equilibrium thermodynamic states and are
often non resolutive. To see why, let us take as an example
the unfolding/refolding process in a poli-peptide. The NE
unfolding from the native state A to a, e.g., completely
extended or unfolded state B is a straightforward and
moderately dissipative process but the refolding from the
extended state in B to the native state in A is a difficult
and highly dissipative task even at low pulling speeds and
with a careful choice of the driven collective variables.
Another important example is the driven undocking/docking
in drug-receptor systems. For pulling speed of the order
of 0.1:1 nm/ns, the dissipation in the undocking process is
in general small since the end state of the drug is in the
bulk solvent for all trajectories. In the inverted re-docking
process from the bulk, the drugs may instead end up in a
manifold of unfavorable nonequilibrium poses on the protein
before reaching the binding pocket, thus producing a work
distribution with a large spread. These typically asymmetrical
situations will set the more dissipative distribution PBA(−W )
far from PAB(W ) rendering difficult and inaccurate the
calculation of ∆G via the Bennett formula at high speeds.

There are finally a number of studies aimed at making
an important (path) sampling on the NE trajectories18,22–25

in order to avoid the problem of the bias in the exponential
average Eq. (1). In the adaptive steered molecular dynamics
(ASMD), the A → B process is divided in a number of
segments such that the important path in the nonequilibrium
reaction of the N trajectories is generated resetting the
starting the N configurations for the so-called subset of pre-
defined “environment variables” at the end of each segment
to the single one that had the work value closest to the
exponential average of the work ensemble of the segment.22,26

The technique has been recently refined25 in the multiple
branching (MB-ASMD) variant whereby from a set of opti-
mal generators taken at the end of each segment and selected
with a probabilistic criterion, a fixed number of new trajec-
tories are produced in the subsequent segment. Oberhofer
and Dellago evaluated a free energy dependent optimal
weighting function for minimizing the bias in the Jarzynski
average.18 Chelli et al.23 adopted a Monte Carlo scheme
to eliminate trajectories on the fly that diverge significantly
from the same work average. Bussi and coworkers24,27 used

a reweighting scheme where the weighted histogram method
is used to combine snapshots obtained at different stages
of the pulling, deriving again as in Ref. 18 a free energy
dependent weight factor. In all these techniques, that involve
a certain extent of tweaking,26,28 the A to B process is parti-
tioned in a number of sub-processes whose precise sequence
requires a decision over the whole data set, introducing a
trajectory dependence on a global level that destroys the
inherently parallel nature of the Jarzynski formula.

In this contribution, we show that the free energy
difference between the end points in typical pathologically
asymmetric cases such as the unfolding/folding of a small
protein can be computed with great accuracy using relatively
few completed, non-communicating, and untweaked NE
trajectories with a generalization of the unbiased Jarzynski
estimate based on the second order cumulant expansion.
This is achieved on the assumption that any observed work
distribution in NE processes is given by a mixture of Gaussian
distributions. More in detail, using the prototypical example
for the driven unfolding/folding of deca-alanine,11,25,29–31 we
show that the predicted behavior of the forward and reverse
distributions based on the assumption of the existence of
one single metastable state in the folded state characterized
by λA of the helix explains surprisingly well the observed
asymmetry in the forward and reverse work distributions.
We also show that the free energy estimate based on the
mixture with two Gaussian components provides, by a simple
constrained fit of the individual µi and σ2

i cumulants of the
mixture, an unbiased unidirectional estimate of the free energy
in either direction for pulling speed as fast as 15:20 nm/ns
with an accuracy comparable or even superior to that of the
bidirectional BAR method. The proposed algorithm removes
the bias that plagues the free energy estimate via exponential
averages fully preserving the inherent parallel nature of the
Jarzynski approach.

II. THEORY

Park and Schulten in their ten year old seminal paper on
steered molecular dynamics of deca-alanine,11 showed that,
if the driven process is Markovian (i.e., the process may be
described by an overdamped Langevin equation), then the
work distribution is Gaussian. In this case, the exponential
average is replaced by the unbiased estimate

∆G = µ − β
σ2

2
, (3)

where µ = ⟨W ⟩ and σ are the mean value and the standard
deviation of the normal distribution. It should be stressed that
Eq. (3) is an exact result if the underlying work distribution
is Gaussian. If the forward process is Gaussian, the Crooks
theorem imposes that the reverse process is also Gaussian with
a symmetrical distribution PBA(−W ) with respect to W = ∆G
bearing the same variance σ and with identical dissipation
Wd =

1
2 βσ

2 as in PAB(W ). Hence, the forward and reverse
mean works in PAB(W ) and PBA(−W ) are related by ⟨W ⟩BA

= ⟨W ⟩AB − βσ2. The utility of these equations has been
severely undermined, in principle, by the outcomes of several
recent bidirectional studies on real systems, all characterized
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by non Gaussian or strongly asymmetric Gaussian look-a-
like distributions.20,30,32,33 In practice, however, in many in-
stances where the ideal Markovian distribution was manifestly
violated, Eq. (3) has been proved to be surprisingly accurate,
even at high pulling speed, when applied on a particular
direction of the process as in the NE double annihilation
method34 for evaluating the binding free energies via fast
switching alchemical transformations,21 and in the proto-
typical unfolding of deca-alanine.11,29,31,32 This is somewhat
puzzling given that in the opposite direction, e.g., in the
NE refolding of deca-alanine, Eq. (3) may be completely
inaccurate even at low pulling speeds.25,32 Clearly, in this
strongly asymmetric case, these two distributions only “look”
Gaussian but they are not, and all their cumulants, according
Marcinkiewicz theorem35 must all be different from zero. Of
course, such strongly asymmetrical distributions still obey to
the Crooks theorem. A possible explanation for the striking
asymmetry observed for seemingly Gaussian forward and
reverse distributions may lie in the fact that the driven process
in either direction cannot be described by an overdamped
Langevin process, as assumed in Ref. 11. An alternative
explanation may be the one first suggested by Feng and
Crooks36 and formalized later on in Ref. 30, i.e., the observed
univariate work distribution is a superposition of Gaussian
processes related to competitive free energy basins, “felt”
during the NE experiments. To understand the implications
of such an assumption, let us use again deca-alanine as
paradigmatic example. We start from the helix folded state,
assuming that this state has overwhelming probability to occur
at equilibrium. In the NE experiment, one usually externally
drives the λ end-to-end distance from the λA corresponding
to the end-to-end distance in the helix up to a value λB

corresponding to that of the all-trans totally unfolded state.
In the reverse process, also for moderate pushing speed, at
the final point λA, the helix is rarely seen with deca-alanine
populating a manifold of misfolded states. The Boltzmann
weights at equilibrium of these misfolded states are negligible,
but in the λ driven refolding NE experiment these misfolded
states can be explored and detected because of the extra energy
provided by the dissipation. To put all this more formally,
consider a thermodynamic state A at given value of a reaction
coordinate λA characterized at equilibrium by a manifold
of free energy basins, and a state B at λB with a single
free energy basin. We now make the assumption that the
distribution of the work for the λ driven forward NE process
from A (equilibrium) to B is given by a superposition of
N Gaussian distributions with weights c1, ...,cN arising from
the N metastable states of A. The weights ci composing the
overall work distribution depend on the corresponding starting
Boltzmann weights (not necessarily disparate), all at λ = λA,
and on the pulling speed, i.e.,

PAB(W ) =
N
i

ciN(W, µi,σi). (4)

In Eq. (4), N(W, µ,σ) = 1
σ(2π)1/2 e−(W−µ)2/(2σ2) is the

normal distribution and the coefficients ci are such thatN
i ci = 1. Both the coefficients ci, and the moments µi, σi

of the distributions are a function of the pulling speed. Now,

the Crooks theorem, Eq. (2), imposes that the distribution for
the reverse process [from B(equilibrium) to A] must be also a
superposition of normal distributions such that

PBA(−W ) =
N
i=1

cieβ(∆G−µi+
βσ2

i
2 )N(W, µi − βσ2

i ,σi)

= eβ∆G
N
i=1

cie−β(µi−
βσ2

i
2 )N(W, µi − βσ2

i ,σi), (5)

where N(W, µi − βσ2
i ,σi) = 1

σ(2π)1/2 e−(W−µi+βσ
2
i
)/(2σ2

i
) has

half-width equal to σi and mean equal to ⟨W ⟩ = µi − βσ2
i .

According to Eq. (5), the coefficients of the reverse
distribution, say di, are related to the ci coefficient through
the equation

di = eβ∆Ge−β(µi−
βσ2

i
2 )ci. (6)

By integrating Eq. (5) over W on both sides, the normalization
condition on PBA(−W ) imposes that

1 = eβ∆G
N
i=1

cie−β∆g i,

∆G = −kBT ln
N
i

cie−β∆g i
, (7)

where we have defined the quantities

∆gi = µi −
βσ2

i

2
. (8)

We first note that for N = 1 (i.e., only one state in A at
λA), Eq. (7) reduces to Eq. (3). Equation (7) can therefore
be considered as the extension of Eq. (3) to the case of a
work distribution given by a mixture of normal distributions
and relates the free energy difference between the single
state B at λB and the state A, characterized by a manifold
of competing sub-states all at λA, to the moments of the
distributions referring to these states and to the combination
coefficients ci. The estimate of ∆G via Eq. (7) is in principle
unbiased since all trajectories must be used to compute the
moments µi, σi, and the coefficients ci of the underlying
normal distributions composing the overall distribution of the
work. The energies ∆gi in the N > 1 case should be strictly
related to the individual free energies of the basins in A
although they are not, in general, the true free energies of the
basins. As stated above, µi and σi are a function of the pulling
speed and the same should apply (except for the N = 1 case)
to the quantities ∆gi. This is so since, during the NE process
in either direction, there can be a mixing between the paths to
B originated from the metastable states of A and viceversa as
schematized in Figure 1 for the case of folding/unfolding of
deca-alanine.

The individual free energies of the metastable states obey
the equilibrium relation

eβ∆G =

i

eβ∆Gi, (9)

where the sense of the process is that of the unfolding, i.e., that
for which ∆G is positive. Equation (7) is a nonequilibrium
relation that must coincide with the equilibrium Eq. (9)
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FIG. 1. Folded unfolded transformation in deca-alanine. The double-arrowed
black line connects A (state 1 and state 2) and B via quasi-static (reversible)
transformations. The red lines connect the helix state of A (λ = 1.55 nm) to
the extended state in B (λ = 3.15 nm) via NE paths. The green lines connect
the extended state in B to the two states in A. Dashed lines refer to processes
following paths (in part or always) connecting B to the metastable state basin
in A.

when the duration τ of the driven experiment is infinite,
i.e., for quasi-static transformations. It then follows, compar-
ing Eqs. (7)–(9), that the weights obey to the relation

lim
τ→∞

ci(τ) = e−β∆Gi

e−β∆g i(τ)
, (10)

where ∆Gi ≡ GB − GA, i is the true free energy difference
referred to the ith metastable state and where we have made
explicit the dependence of ∆gi and ci from the duration of
the NE experiment. In the limit τ → ∞, i.e., for a reversible
process, there is by definition perfect mixing right at the start
of the process where all metastable states are sampled with the
correct Boltzmann weight, even if one launches the experiment
from the configurations referring to a single free energy basin.
In this case, one actually has N = 1, as metastability is a
void concept for infinite duration of the experiment. In this
situation, one can still use the now cumbersome multimodal
formula if and only if we set

∆gi(∞) = ∆Gi (11)

such that, according to Eq. (10), all the coefficients in the
combination becomes identical. This must occur because, for
quasi-static processes, one cannot isolate a subset of starting
configurations referring to a single free energy basin: mixing
becomes perfect after an infinitesimal advance of the driven
reaction. Therefore, when the experiment is done reversibly
at infinitely slow speed, all possible subsets of starting
configurations of the metastable states should be lumped
in a single macrostate with their corresponding Boltzmann
weights.

In deriving Eq. (7), we have made no assumption on
the Boltzmann weights of the free energy basins in the state
A. Let us now consider the case where just one of these
basins has a disproportionate Boltzmann weight with respect
to the others, all lying several kBT above the principal state.
As stated in Sec. I, the folded (A)/unfolded (B) and the

docked (A)/undocked (B) pairs can be considered two impor-
tant examples of such situation. We term these underlying,
low probability metastable states, that are not included in the
pool of initial configurations for the forward A (manifold)
to B (single state) process, as shadow states. Equation (7)
tells us that these shadow states should nonetheless affect
the work distribution in the NE experiments from A to B
yielding a mixture of Gaussian processes for non zero rates.
The existence of the shadow states, as we shall show in Sec. IV,
becomes manifest when performing the transformation in the
reverse direction, i.e., from the single state B to the manifold A.

What are then the consequences of Eq. (7) in the practice
of NE experiments when A has a principal stable state and a
manifold of metastable shadow states? More explicitly, since
the shape of the reverse distribution is implied in that of the
forward distribution via Eqs. (7) and (6), can the observed
asymmetry of PAB(W ), PBA(−W ) at fast pulling speeds for the
prototypical case of the unfolding/refolding of deca-alanine be
rationalized on the basis of the overall distributions given by
a mixture of normal distributions?

We shall limit the following discussion to the case with
N = 2, i.e., one principal state and one metastable in A at λA.
As we shall see later on in Sec. IV, such a simple assumption
explains with surprising accuracy the striking asymmetry
observed in the folding/unfolding process of a poli-peptide
at fast rates.

For N = 2, we have only one independent coefficient
c1 = c so that c2 = 1 − c. Equation (7) in this case becomes

1 = eβ∆G

c
(
e−β(µ1−

βσ2
1

2 ) − e−β(µ2−
βσ2

2
2 )

)
+ e−β(µ2−

βσ2
2

2 )


(12)

recovering Eq. 8 of Ref. 30. Using Eq. (6), we find that the ratio
between the c coefficient and the corresponding d coefficient
for the reverse distribution is given by

r =
c
d
=

1

eβ∆G−(µ1− 1
2 βσ

2
1)
. (13)

Note that this ratio depends on the difference between the true
overall free energy and that computed using Eq. (3) referring
to the mean and variance of just one of the two Gaussian
distributions. With no loss of generality, we now assume that
state 1 in A has a much higher Boltzmann weight than the
other, so that ∆g1 >> ∆g2. It follows that in the generation
of the NE trajectories from A to B, the starting equilibrium
configurations of A should all be sampled from this principal
free energy basin at λ = λA. This is the typical case of
deca-alanine in vacuo where at λ = 1.55 nm the helix is by
far the deepest free energy basin among all other states at
the same value of λ. At slow pulling speed, i.e., for nearly
reversible processes, we find that ∆G ≃ µ1 − βσ2/2 such that
the ratio r in Eq. (13) is close to 1. In this situation, the
shadow metastable state is basically not perceived neither
in the forward nor in the reverse process from B to A,
because the latter process is so slow that the system has
the time to gradually relax to the lowest state of the A
twofold system in virtually all independent return trajectories.
Viewed from another perspective, for slow pulling/pushing
back processes, the shadow metastable state does not surface
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out because there is simply not enough extra energy in the
form of dissipation to overcome the barriers around the helix
funnel. The system behaves as if N = 1 and Eq. (3), rather
than Eq. (7), applies. On the other end, when the pulling
speed is very fast, then the simple Gaussian estimate Eq. (3)
becomes inaccurate, typically overestimating the free energy
in the forward direction,11,14,15,25,29,32 i.e., (µ1 − 1

2 βσ
2
1) > ∆G.

In this case, the denominator in Eq. (13) is a number that can
be sensibly <1, so that c >> d, i.e., c1 ≃ d2 ≃ 1. Accordingly,
N(W, µ1,σ1), related to the principal basin in A, is still the
dominant Gaussian contribution in the overall forward distri-
bution PAB(W ), but the distribution with standard deviation
σ2 and mean µ2 − βσ2

2, related to the metastable state of
A, remarkably becomes dominant in shaping the observed
reverse distribution. At intermediate pulling speeds, while
PAB(W ) is always dominated by N(W, µ1,σ1), PBA(−W ) has
comparable contribution from both N(W, µ1 − βσ2

1,σ1) and
N(W, µ2 − βσ2

2,σ2).

III. METHODS

The set up of the deca-alanine system is identical to that
already used in past studies.30,32,37 Briefly, molecular dynamics
simulations are done in vacuo using a Nosé-Hoover thermostat
at T = 300 K. The Hamiltonian of the system is given by

H = H0 +
1
2

k(λ(x) − λ(t))2, (14)

where 1
2 k(λ(x) − λ(t))2 is the external potential of the driving

external device coupled to the λ(x) reaction coordinate
corresponding to the distance between the N1 and the N10
ammidic nitrogen atoms. The force constant k is set to
100 kcal mol−1 Å−2, i.e., we work in the so-called stiff spring
approximation11,37 so that

G(λ) =


dx e−βH0(x)δ[λ − λ(x)]

≃ G(λ) =


dx e−β[H0(x)+ 1
2 k(λ(x)−λ(t))2], (15)

with G(λ) being the free energy along λ(x) of the uncon-
strained system. As thoroughly discussed in Ref. 37, a force
constant of 100 kcal mol−1 Å−2 for the case of the unfold-
ing/refolding of deca-alanine in vacuo at T = 300 K is largely
within the so-called “stiff spring regime,” that is, largely above
the threshold minimum value (≃ 0.6 kcal mol−1 Å−2) for
the insurgence of a bi-stability. 512 initial configurations in
the A state are prepared with a simulation of ≃1 ns time
span of the helical state with fixed value of the reaction
coordinate at λ = 1.55 nm by sampling the atomic coordinates
at regular interval of 2 ps. The 512 initial configurations
for the B state are prepared in a similar manner by setting
λ = 3.15 nm. It should be stressed here that all the 512
equilibrium configurations in the A state at λ = 1.55 nm
refer to the α-helical state, i.e., the state with overwhelming
Boltzmann weight in the given thermodynamic conditions.
Starting from the corresponding equilibrium configurations,
512 NE trajectories are then produced in the forward (A to B)
and in reverse direction (B to A) at various pulling/pushing
speeds ranging from 76.2 m/s (for a duration τ of 0.021 ns)
down to 0.38 m/s (for a duration τ of 4.2 ns). All calculations
were done using the parallel version of the ORAC program.38

IV. RESULTS

As noted in past studies,30,32 the misfolded end states in
A sampled in the NE refolding of deca-alanine are actually
more than one and their number and distribution depend on
the pulling speeds. In Figure 1, for example, along with the
stable helical state, we show a hairpin configuration. Such
state is one of the most probable ending states in the B → A
NE process for moderate pushing speeds. If the NE B → A
experiment is done at a slower rate, then the ending misfolded
states are mostly α-helix or incomplete helical types with less
than three turns. In general, the faster the speed is, the more
disordered the sample of the final NE state at λ = 1.55 nm will
be. In Figure 2, we show the representative structures of the
most populated clusters observed in the final configurations
for the NE folding of deca-alanine using the fastest pushing

FIG. 2. Representative structures of the
most populated clusters of deca-alanine
in the B → A NE process re-folding as
obtained by the quality threshold clus-
tering algorithm using a threshold tol-
erance of 4.0 Å (Refs. 39 and 40) on
512 final configurations. The first and
last residues of the chain are indicated
for each cluster representative. In all
structures, λ = 1.55 nm.
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speed (76.2 m/s). At such speed, the first eight clusters account
for only about 20% of the total population with most of the
clusters composed of one single representative, in spite of
the rather loose clustering threshold used. This disordered
configurational distribution at the end point is due to the huge
dissipation (about 80 kJ mol−1) of the NE refolding process
that allows to explore a true manifold of high free energy
metastable states.

On the basis of these results, in order to evaluate ∆G
at a given speed using Eq. (7), we should in principle use
a mixture of type Eq. (4) containing a number of terms that
is proportional to the number of metastable states observed
in the refolding process. In practice, we shall assume for
all speeds only one metastable state (N = 2 in Eq. (7))
with an unknown degeneracy. We will see that such rather
drastic assumption, besides being straightforward from a
computational standpoint, will turn out to be surprisingly
accurate at all speeds for unidirectional and bidirectional
estimates.

A. Determination of the normal distributions
in the mixture

As stated in the introduction, the present study is aimed at
computing the (N = 2) mixture-based unbiased unfolding free
energy estimates in NE processes with work distribution asym-
metry, such as the helix-coil transition in deca-alanine, using
Eq. (12), without any tweaking, interruption, or reweighting
of the NE trajectories, i.e., using the standard NE approach.
The production of NE works in either directions can therefore
be done with no communication between parallel instances
each running a single NE trajectory, hence, fully exploiting
the inherent parallel nature of the Jarzynski methodology. The
following describes the subsequent post-processing analysis
on the produced works aimed at recovering ∆G via Eq. (12).

Given a distribution P(W ) (either for the forward or
reverse process), the cumulants µ1,2, σ2

1,2, and the coefficient
c appearing in ∆G estimate Eq. (12) could be computed
by evaluating the first five central moments of the observed
distribution either by maximum likelihood methods41,42 or
analytically by finding the negative root of the so-called
Pearson nonic equation.43 The intricacy of these techniques,
even for the simple case of a mixture with two components,
could be in effect quite disheartening. We shall therefore
adopt a straightforward fitting procedure based on standard
minimization tools such as the Powell44 method for the five-
parameter function

F(µ1, µ2,σ1,σ2,c) =

k

�
P̃(Wk, µ1, µ2,σ1,σ2,c) − P(Wk)�2.

(16)

In Eq. (16), P̃(Wk, µ1, µ2,σ1,σ2,c) = cN(Wk, µ1,σ1) + (1 − c)
N(Wk, µ2,σ2) and P(Wk) are the normalized histograms of
the calculated and of the observed distribution, respectively,
with a speed dependent (i.e., spread dependent) bin size set
to (Wmax −Wmin)/Nbin where Wmax and Wmin are the maximum
and minimum work in P(Wk) and Nbin is the number of bins
(set in our case to 50). Except for the c coefficient, that must
be in the interval [0,1], the fit is performed using very weak

constraints on the values of the free parameters µ1, µ2,σ1,σ2.
The central moments µ1 and µ2, that should be related to
the individual ∆G1 and ∆G2 referred to the principal and
secondary basins of the folded state A (see Eq. (10)), as well as
the unfolding free energy ∆G, are all allowed to vary between
0 and 200 kJ mol−1, i.e., within the maximum and minimum
value of the work observed, at any speed, in the PAB(W )
and PBA(−W ) distributions, respectively. This is actually an
unnecessary large domain for deca-alanine, given that the
unknown free energy ∆G, because of the second principle, can
never exceed the mean value of the work in the forward process
or be less than the mean value of the work (with inverted sign)
for the reverse transformation. Such mean values are found in
the intervals [95,170] and [5,93] kJ mol−1, respectively (see
Figure 3). The width of the normal components, σ1 and σ2, is
also allowed to vary in the range 0-20 kJ mol−1, corresponding
to a maximum dissipation of ≃80 kJ mol−1, largely above the
widest spread observed in the principal component of any
forward or reverse distributions (see Figure 3). The function
F(µ1, µ2,σ1,σ2,c) in Eq. (16) can be minimized using only
one of the observed distributions, either the forward distribu-
tion (P(Wk) = PAB(Wk)), or the reverse distribution (P(Wk)
= PBA(−Wk)), or using simultaneously both the forward and
reverse distributions (i.e., P(Wk) = PAB(Wk) + PBA(−Wk)). In
the latter case, we have a bidirectional estimate of∆G while the
former case provides an unidirectional estimate that allows to
predict, according to Eqs. (4) and (5), the shape of the unknown
partner distribution. The global fitting is done by coupling
the Powell minimization method for local minimum search
with random generation of initial points uniformly sampled in
the parameters domain. The number of Powell minimization
steps with random initial parameters is set to 300. The errors
in the fitted distributions as a function of the work (thin
lines in Figure 3) are computed by block bootstrapping the
512 forward and reverse works into 50 samples of half size.
Taking into account the 50 bootstrap samples and the three
possible fitting methods (based on the forward, reverse, and
the cumulative observed distribution), in total 300 × 50 × 3
= 45 000 Powell minimizations are produced for each speed.
Although quite dreadful to tell, such post-processing analysis
can be done on a laptop computer in a matter of minutes. Most
importantly, the computational burden of this step depends
only on the number of NE trajectories, being of course totally
independent of the size of the system.

In Figure 3, on the right we show the best fitting
forward P̃AB(Wk, µ1, µ2,σ1,σ2,c) (red, thick lines) and reverse
P̃BA(−Wk, µ1, µ2,σ1,σ2,d) (on the left, green thick lines)
obtained by minimization of the function F of Eq. (16)
using both the observed distributions PAB(Wk) and PBA(−Wk)
(reported in black color using solid and dashed lines,
respectively). The calculated P̃AB(Wk, µ1, µ2,σ1,σ2,c) and
P̃BA(−Wk, µ1, µ2,σ1,σ2,d) are related via Eq. (6), that is in
turn a trivial consequence of Eq. (2). We must stress here once
again that the d coefficient, shaping the reverse distribution,
is not a free parameter, being firmly intertwined via the
Crooks theorem to the c parameter. The assumed bimodality
of the two partner distributions P̃AB(Wk, µ1, µ2,σ1,σ2,c) and
P̃BA(−Wk, µ1, µ2,σ1,σ2,d) appears to explain, with remark-
able correspondence indeed, the observed asymmetry of the
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FIG. 3. Forward (right, red) and re-
verse (left, green) work distributions
fitted on the cumulative observed dis-
tribution PAB(W )+PBA(−W ) using
Eq. (4) with N = 2 at various speeds
for the folding-unfolding NE process
in deca-alanine in vacuo. The observed
distributions PAB(W ) and PBA(−W )
are the black solid and dashed lines,
respectively. The dotted vertical line
crosses the x-axis at W =∆G (refer-
ence value computed with BAR).

forward and reverse distributions PAB(Wk) and PBA(−Wk). We
also note that the errors in the fitted distributions heavily (and
expectedly) depend on the spread, rather than the speed, of the
corresponding observed distributions. A large spread produces
in fact noisy observed work distribution, thus yielding larger
errors on the fitted distributions. So, the errors are minimal
at the highest speed of v = 76 m/s and for speeds less
than v = 1.5 m/s. The largest errors are seen in the reverse
distribution P̃BA(−Wk, µ1, µ2,σ1,σ2,d) for v = 19 m/s, and
v = 15 m/s, i.e., when the corresponding observed overall
spread exceeds 80 kJ mol−1.

In Figure 4 we plot, as a function of the pulling speed,
the fitted c and d coefficients, along with fitted value of ∆g1
and ∆g2 defined in Eq. (8). As discussed in Sec. II, the ∆g1
and ∆g2 quantities are found to be strongly speed dependent

FIG. 4. Left scale: Fitted c coefficient and calculated d coefficient (Eq. (6))
for the folding-unfolding NE process of deca-alanine in vacuo as a function
of speed. Right scale: ∆g1, ∆g2 quantities (dashed lines, Eq. (8)).

ranging from 95 to 130 kJ mol−1 for ∆g1 and from 10 to
92 for ∆g1. At low speeds, the two partner distributions are
basically two symmetrical (with respect to the free energy
W = ∆G) Gaussian distributions satisfying Eq. (3) such that
the metastable states cannot simply be discerned at the given
resolution. At low speed, in fact, basically all the 512 ending
configurations in the NE refolding process are of α-helical
type. In this condition, as shown in Figure 4, the unrestrained
fit yields ∆g1 = ∆g2 ≃ ∆G so that the c and d coefficient
and Eq. (6) become irrelevant for the ∆G estimate, Eq. (7),
yielding a huge variance (especially for the d coefficient). The
metastable states are felt more clearly at high pulling speed
where ∆g1 and ∆g2 have very different values and where, as
discussed in Sec. II, there is, in effect, an inversion in the
weight factors (i.e., c/d >> 1) for the forward and reverse
distribution. The ending NE process, carried on at high speed,
senses indeed a true manifold of metastable states of A (see
Figure 2), all these states having basically an insignificant
Boltzmann weight. ∆g2 ≃ 10 : 30 can be connected to the
(speed-dependent) average level of unfolding free energy start-
ing from of these misfolded metastable states of A. Note also
that at intermediate speeds, as anticipated in Sec. II, while the c
coefficient in the forward distribution stays close to one (sens-
ing mostly the principal state, as schematized in Figure 1), the
d coefficient rises up to ≃0.4 indicating a more mixed charac-
ter of the overall reverse distribution (in accord with Eq. (6)).

In Figure 5, we finally show the resulting forward and
reverse distributions at two relatively high speeds when
the fitting procedure is done using the work data in one
direction only. In Figure 5, the thick dashed trait refers to the
predicted (i.e., non fitted) distributions. Remarkably, the fitting
procedure using the reverse distribution provides an estimate
of the unknown forward distribution (red dashed curves) that
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FIG. 5. Left: Forward (on the right, red
solid trait) and predicted reverse (on the
left, green dashed trait) work distribu-
tions fitted on the observed forward dis-
tribution PAB(W ) (black, solid) at two
representative speeds for the folding-
unfolding NE process in deca-alanine
in vacuo. Right: reverse (on the left,
green solid trait) and predicted for-
ward (on the right, red dashed trait)
work distributions fitted on the ob-
served reverse distribution PBA(−W )
at the same speeds. The dotted vertical
line crosses the x-axis at W =∆G (ref-
erence value computed with BAR).

is much more accurate than that obtained for the unknown
reverse distribution when fitting using forward data. This is
due to the fact that, even if the mean value of the work in
the reverse distribution is far from ∆G, the shape of PBA(−W )
bears more information regarding the states in A, with respect
to the more regular, at all speeds, PAB(W ). This brings along,
as we shall see later on, a less biased estimate of ∆G at fast
pulling speeds when the data are fitted on the refolding work
values.

B. Free energy estimates

The free energies∆GAB are calculated using the following
unidirectional method: (i) the Jarzynski exponential average,

Eq. (1); (ii) the N = 1 Gaussian estimate, Eq. (3); (iii)
the estimate provided by Eq. (7), based on a mixture of
only two normal distributions. For all three unidirectional
methods, the ∆GAB estimates are obtained using in turn the
forward and the reverse distributions PAB(W ), PBA(−W ). In
all cases, the errors on the ∆GAB estimates are evaluated by
block bootstrapping using 50 (forward and reverse) sets each
containing 256 works randomly sampled out of the 512 works.
The results for the free energy estimates as a function of the
speed, using the three methods based on Eqs. (1), (3), and
(12), are collected in Figure 6. The curves in red (triangle
up) and green colors (triangles down) refer to unidirectional
estimates based on the forward and reverse work distribution,
respectively. The (red, triangles up and green, triangles down)

FIG. 6. Free energy as a function of the
pulling speed using various methods.
(see text).
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FIG. 7. Error and Bias (inset) in ∆GAB estimates.

solid traits refer to Eq. (12)-based estimates, while the dashed
and dotted lines (red, triangles up and green, triangles down)
indicate Eqs. (3) and (1) estimates, respectively. The black
curves, finally, are related to bidirectional estimate, either
using the BAR method (solid trait) or Eq. (12)-based method
(dashed trait). The BAR estimate at low speed provides the
reference maximum likelihood estimate of the true unfolding
free energy ∆GAB. The data concerning the bias and error
in the various methods as a function of the speed are finally
collected in Figure 7.

As shown in many studies,11,14,15,17,25,29,30,32 the Jarzynski
unidirectional exponential average yields, at high speeds, a
strongly biased ∆G estimate. The bias in the forward direction
is positive and grows exponentially already starting from speed
of v ≃ 2 m/s. In the reverse direction, Eq. (1) estimates are
plagued by huge errors and a strong negative bias even at low
speed.

Simple Gaussian expression Eq. (3), provides, in the
forward direction, a better estimate of ∆G compared to that
obtained with Eq. (1), differing at most by 5% with respect to
the reference BAR value up to speeds as fast as v ≃ 3 : 4 m/s
(i.e., for a duration of the NE experiment of less than half
nanosecond). The positive bias, in this case, grows with speed
at a much lower rate than that observed for the exponential
average. For the reverse process, the unidirectional estimate
based on Eq. (3) consistently yields a huge negative bias

that is even more important, at high pulling speeds, than that
observed for Jarzynski estimate Eq. (1) (see inset in Figure 7),
yielding completely unreliable estimate of∆G. This is so since
in the Gaussian estimate based on the first two cumulants,
Eq. (3), the right tail of the distribution yields no contribution
to ∆GAB. When using Eq. (1), the low work values (i.e., those
that are closer to the reversible work ∆GAB) have instead a
disproportionate weight in the integral.

We now come to Eq. (12)-based estimates, i.e., the object
of the present study. Regarding the forward direction, we first
note that Eq. (12) closely follows, both in the free energy
estimates and in the errors, the simple forward Gaussian
estimate withN = 1. In the unfolding process, the metastable
states are not sensed and path mixing is rare (see Figure 1), so
that the system behaves as ifN = 1 at all speeds. On the other
hand, in the reverse refolding process, the metastable states are
a probable outcome of the NE experiment already at moderate
speeds, and the secondary normal components in Eq. (4)
make their appearance widening the distribution that exhibits a
typical long right tail (see Figure 3). Therefore, Eq. (12)-based
free energy estimates using the refolding works remarkably
exhibit a small to moderate bias and error all speeds. The
bias at the highest speeds is even much lower that obtained
with the BAR bidirectional method. The same holds true for
Eq. (12) bidirectional estimate where the positive bias tends
to coincide, at high speeds, with that of the corresponding
forward estimate (either using Eq. (3) or Eq. (12)). Such high
speed bias, however, is much lower, in absolute value, than
that obtained with the BAR approach.

C. Free energy estimate and effect of the sample size

We finally analyze the effect of the sample size (that is,
the number of independent NE trajectories) on the free energy
estimates based on Eq. (12). As previously stated, the accuracy
of Eq. (12) depends only on the number of NE trajectories
used to construct the histograms of the reference work distri-
butions and not on the system size. We hence estimated the
free energy using the fitting procedure described in Sec. IV A
by evaluating the observed distributions P(Wk) using 128 and
64 work values out of 512 at constant bin size. The results for
the fitted free energy estimates based on the forward P(Wk)
= PAB(Wk), reverse P(Wk) = PBA(−Wk), and cumulative

FIG. 8. Left: sample size and ∆GAB estimates; Right: sample size and observed bootstrap errors δ∆GAB.
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P(Wk) = PAB(Wk) + PBA(−Wk) observed distributions are re-
ported in Figure 8(left). Errors have been computed by block
bootstrapping the 512 forward and reverse final work values
into 50 samples with 64, 128, and 256 work values. Quite
surprisingly, in spite of the noisy observed distributions using
64 and 128 works only, the corresponding free energy esti-
mates appear to be quite robust exhibiting, at all speeds, no
significant degradation with respect to the 256 work values.
Expectedly, as shown in Figure 8(right), the bootstrap error
increases steadily at all speeds as the number of sampled
trajectories decreases.

Based on the data shown in the Figures 6–8, we
may hence conclude that the bidirectional and the reverse
unidirectional approaches based on Eq. (12) in deca-alanine
provide an excellent and unbiased estimates up to pulling
speeds as fast as 11 m/s (for a duration of the NE experiment
of about 150 ps). Remarkably, the estimates are still accurate
for a number of sampled trajectories as small as 64. At higher
speed, Eq. (12) starts to provide an unstable estimate of ∆G,
that is in any case always within 10% of the reference value,
over-performing the BAR maximum likelihood bidirectional
estimate at the fastest speed of 76 m/s, i.e., for duration of the
pulling/pushing as short as 21 ps.

V. CONCLUSIONS

The Jarzynski theorem provides in principle a perfectly
a parallel algorithm for estimating the free energy difference
between any two given thermodynamic states that can be con-
nected via NE driven transformations. All NE trajectories con-
necting these states may in fact proceed independently and
concurrently with zero fraction of serial code and with no
need for communication whatsoever. In practice, Jarzynski-
based free energy estimates are strongly biased and affected
by large errors because of the inherent noisy statistics of the
exponential average over a work distribution, crucially de-
pending on the poorly sampled tails. Second order cumulant
expansion for seemingly Gaussian work distributions provides
a better estimate of the free energy at low pulling speed. At
higher speeds, in systems that are characterized by strongly
asymmetrical forward and reverse work distributions, unidi-
rectional approaches based on the Gaussian approximation
fail, yielding again strongly biased and unreliable estimates,
especially when the direction of the NE experiment envisages
the entrance in a funnel, like in the folding of a small poli-
peptide or in the docking of a drug on a receptor.

In this contribution, we have shown that the free energy
difference between the end points in these important asym-
metric cases can be computed with great accuracy using rela-
tively few completed, non-communicating, and untweaked NE
trajectories with a generalization of the unbiased Jarzynski
estimate based on the assumption that any observed work
distribution is the result of a mixture of Gaussian distributions.
These normal components of the overall observed distribution
are related to the existence of metastable sub-states in one
of the two final thermodynamic states. If a work distribu-
tion in a given direction is the result of a combination of
N normal distributions, then the Crooks theorem imposes
that the distribution associated to the inverted process must

also be given by a combination of the same normal compo-
nents, although with different weights. Using the prototypical
example for the driven unfolding/folding of deca-alanine, we
have shown that the predicted behavior of the forward and
reverse work distributions, described by a combination of only
two Gaussian components with Crooks derived weights, ex-
plains surprisingly well the striking asymmetry in the observed
work distributions, providing at the same time a reliable and
unbiased unidirectional and bidirectional estimate of the free
energy difference at all speeds. Remarkably, the unidirectional
estimate based on the Gaussian mixture using the folding
work distribution yields an accurate and stable estimate of
the free energy also for speeds as fast as 15:20 nm/ns where
the maximum likelihood BAR method fails. The proposed
algorithm fully preserves the inherent parallel nature of the
Jarzynski approach.
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